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Relative Growth Rate

Q(g):functions that grow at
least as fastas g

O(g):functions that grow at the
same rate as g

O(g):functions that grow no
fasteras g
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“Big Oh”

 Basic idea

—f(n) € 0( g (n)) if for sufficiently large mput n,
g(n) = f(n)

* Definition — “€ — N”
— Giving g: N—R™, then O(g) 1s the set of . N—R",
such that for some ceR"™ and some n,eN,
f(n)<cg(n) for all n>n,



Example

* Let f(n)=n?, g(n)=nlogn, then: 'Hospital’s
rule

— 12 0O(g), since

n? n 1

lim = lim = lim — = +00
n—,oo 71 ]()g; n n—oo 1()§§ n n— oo

nln 2

— ge0O(1), since

. nlogn . logn , 1
lim = lim = lim =0
n— o0 72;2 n— 00 n n— o0 72,111.;3
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Asymptotic Growth Rate

zn

nlogn

log n



Asymptotic Order

* Logarithm logn
logne O(n?) for any a>0

* Power n*
nke O(c") for any c>1

 Factorial n!/

n' =+ Zﬂn(g)n(Stirling’s formula)



“Big Q”

* Basic idea
— f(n) € Q( g (n))if for sufficiently large input n,

f(n) > g(n)
— Dual of “O”

* Definition — “€ — N”
— Giving g: N—R™, then €(g) 1s the set of ,N—R™,
such that for some ceR™ and some n,eN,
f(n)>cg(n) for all n>n,



The Set ©

* Basicidea of f(n) € 0(g(n))

— Roughly the same
—-0(9) = 0(9) N Q(g)
* Definition — “€ — N”
— Giving g:N—R™, then O(g)is the set of N—R™,
such that for some c,,c,eR"™ and some n,eN,
0<cgn) <f(n) <c,gm),foralln =n,



Some Empirical Data

algorithm 1 2 3 4
Run time in ns 1.3n3 10n? 47nlogn 48n
103 1.3s 10ms 0.4ms 0.05ms
time 10* 22m 1s 6ms 0.5ms
for 10° 15d 1.7m 78ms 5ms
size 10° 41yrs 2.8hrs 0.94s 48ms
107 A1mill 1.7wks 11s 0.48s
max sec 920 10,000 1.0x10° 2.1x107
Sizein | min 3,600 77,000 4.9x107 1.3x10°
time hr 14,000 6.0x10° 2.4x10° 7.6x101
day 41,000 2.9x106 5.0x1010 1.8x1012
time for 10 times size x1000 x100 x10+ x10

on 400Mhz Pentium Il, in C
from: Jon Bentley: Programming Pearls

10/4/2024

Lectures on Algorithm Design & Analysis

(LADA) 2017

10



Properties of O, Q and ®

* Transitive property:

— If fe O(g) and g€ O(h), then fe O(h)
* Symmetric properties

— feO(g) if and only 1f ge (XY)

— fe &Xg) 1f and only 1f ge BXY)
* Order of sum function

— O(f+g) = O(max(f.g))



“Little Oh”

 Basic idea of f(n) € o(g(n))
— Non-1gnorable gap between f and 1ts upper bound
g
* Definition —‘€ — N”
— Giving g:N—R™, then o(g) 1s the set of ,N—R",
such that for any ceR", there exists some nyeN,
0<f(n) <cg(n),foralln = n,

3 H Big Oh#y = X
Giving g: N—R", then O(g) is the set of ,N—R", such that for some
ceR" and some nyeN, f(n)<cg(n) for all n>n,

Lectures on Algorithm Design & Analysis
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“Little w”

 Basic idea of f(n) € w(g(n))
— Dual of “0”
e Definition — “e — N”

— Giving g:N—R™, then ®(g) 1s the set of ,N—R™,
such that for anyceR", there exists some nyeN,

0<cgn) < f(n),foralln =n,
s HCBig Omiga#sy =2 X

Giving g: N—R", then Q(g) is the set of ,N—R", such that for some ceR”"
and some nyeN, f(n)>cg(n) for all n>n,



Max-sum Subsequence

* The problem: Given a sequence S of integer, find the largest
sum of a consecutive subsequence of S. (0, if all negative items)
— An example: -2, 11, -4, 13, -5, -2; the result 20: (11, -4, 13)

A brute-force algorithm:
MaxSum = 0;
for 1=0;1<N;1++)
for j =1, <N; j++)
{
ThisSum = 0;
for (k =1; k <=j; k++)
ThisSum += A[k];
if (ThisSum > MaxSum)
MaxSum = ThisSum;
} in O(n3)

return MaxSum; i=n-1
10/4/2024 14




More Precise Complexity

The total cost 14 :

. in O(n3)
> 1=,—i+1
nz_l(j—i—l—l) =14+2+..+(n—10)= (n—i+2l)(n—i)
- ‘gn‘—‘z IR ST T R

2

:Egi —(n—I—E)ZZ_I:i—I—E(n +3n+2);1

B n> +3n° +2n
6




A AH ke ot

A brute-force algorithm:
MaxSum = 0;
for 1=0;1<N; 1++)
for (j =1;) <N; j++)
d
ThisSum = 0;
for (k=1; k <=7j; k++)
ThisSum += A[Kk];
if (ThisSum > MaxSum)
MaxSum = ThisSum;

h

return MaxSum;

FHHu) B H A EIEFIRITTIFRET AT

BRSITE L X)EEYF, BEX

1. M RRIERTIER KA
Fazis, FT—RBZE MK
& HIEA[Lj+1]80 %,

2. =PREHVTIRABICEA]

Fa, A ELA[+1]BRPE,

3, ALK ER, EHIBIEREHS
RAKIEIREThisSum, 24
S EA[JH]]RPT,




Decreasing the Number of Loops

An improved algorithm:

MaxSum = 0; the sequence
for 1=0;1<N;1++)

ThisSum = 0;
for j =1, <N; j++)

{
ThisSum += A[j];
if (ThisSum > MaxSum) . 2
MaxSum = ThisSum; In o(n )
} i=n-1
b

return MaxSum;

Lectures on Algorithm Design & Analysis
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HRGBE: —pH= (1)

Part 1 Part 2
the sub with largest sum may be in:
—————————————————————————— recursion
] = [ ] ] T
Part 1 Part 2
or:
The largest is
| | the result
3 >
] ]
Part 1 Part 2

ANEHZLIFLEBIRANTE

HA, FEITTE, BFBITFEANELFHEHRNIE, Fo




FERGRB%S: —opAHA= (2)

* MAZLFLH{BIRRKNIEAT R

[ T [ ]
Part 1 Part 2
or:
]
Part 1 Part 2

FH_IIER . FEFIRAEZLIB SEBFeHFa

* MNEZLEPZ IFHErIBRANTAILTA




B %: —opAH= (3)

All.sum = Left.sum + Right.sum
All.leftMax = Max(Left.leftMax, Left.sum + Right.leftMax)
All.rightMax = Max(Right.rightMax, Right.sum + Left.rightMax)
All.maxSum =

Max(Left.maxSum, Right.maxSum, Left.rightMax + Right.leftMax)

GetMaxSub(int start, int end)
{ Result ret;

iflend == start + 1)// R — 10 &

struct Result{ {
int sum; ret.sum = A[start];
int leftMax; ret.leftMax = A[start] > 0 ? A[start] : O;
int rightMax; ret.rightMax = A[start] > 0 ? A[start] : O;
int maxSum; ret.maxSum = A[start] > 0 ? A[start] : O;
} return ret;
}




EYROR%: —opA= (4)

{

GetMaxSub(int start, int end) )
Result ret; BRI IR ST E AR
if(end == start + 1)/ R H—1~ It % = 9
Lo, ;return ret;} )

b

int center = (start + end)/2;
Result IRet = GetMaxSum(start, center);
Result rRet = GetMaxSum(center, end);
ret.sum = IRet.sum + rRet.sum
ret.leftMax = Max(IRet.leftMax, IRet.sum + rRet.leftMax)
ret.rightMax = Max(rRet.rightMax, rRet.sum + IRet.rightMax)
ret.maxSum =

Max(IRet.maxSum, rRet.maxSum, IRet.rightMax + rRet.leftMax)
return ret;




B V2 B ¥ 14#oN-1 (1)

N-1

[GRANERNE I

N-1

ffoi2: |

N-1

o TBRi%H AA[N-1]F2A[0N-2], S FHFAFHIAER :
— RATFEEFHEA[O,N-])sy B AT XJaEl
— RATFXEEELETA[N-1], wKEA[N-1]+A[0N-])sFEHesIBR KR
T~ X )4l



iéyag‘%: ]ﬁoN-] (2)

struct ReturnValue {
Int max;
int rightMax;

;

MaxSubSum(int N)
{
if(N == 0)
return ReturnValue(0,0);
ReturnValue r = MaxSubSum(N-1);
ReturnValue ret;
ret.rightMax = Max(0, r.rightMax + A[N-1]);
ret.max = Max(r.max, ret.rightMax);
return ret,;




% )2 B % 14daeN-1 (£ 4 4L)

rightMax = MaxSum = 0;
for G =0;j <N; j++)
d
rightSum += A[j];
if (rightSum < 0)
rightSum = 0;

if (MaxSum < rightSum)
MaxSum = rightSum;

b

return MaxSum;

B 4 O(n)



Recursion in Algorithm Design
* Counting the Number of Bits

— Input: a positive decimal integer n

— Output: the number of binary digits in n’s binary
representation

Int BitCounting (int n)

1. If(n==1) return 1; T(n) =
2. Else ) {T(Ln/zj)ﬂ n>1
3. return BitCounting(n div 2) +1;

Lectures on Algorithm Design & Analysis
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Analysis of Recursion

* Solving recurrence equations

* E.g., Bit counting
— Critical operation: add

— The recurrence relation
0 n=1
T(n/2))+1 n>1

(

T'(n)=-+




10/4/2024

Analysis of Recursion:
Backward substitutions

n

By the recursion equation: 7' (n) =T QED +1

For simplicity , let 7 = 2°(k is a nonnegativ ¢ integer ),

that 1s, £

T(n)=T

T(n):T(

=log n

(ﬁj 1:I(ﬁj+l+1:7{ﬁ)+l+l+l:
(2 4 g

%jﬂog n=logn (T(1)=0)

oooooo

Lectures on Algorithm Design & Analysis
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Computing the Fibonacci Number

T(0)=0
T(1)=1

0,1,1,2,3,5,8, 13, 21, 34, ......
T(n)=T(n-1)+T(n-2)

an:rl an1+r2an2+.“+rmank
1s called linear homogeneous relation of degree k.

For the special case of Fibonacct: a,=a,_ta,,, r=r,=I1



Characteristic Equation

* For a linear homogeneous recurrence relation of degree k&
a, =—na, ,+ra, ,+---+ra, .

n

the polynomial of degree k&
x* = rlxk_l +r2xk_2 +--t7

is called its characteristic equation.

* The characteristic equation of linear homogeneous recurrence
relation of degree 2 1is:

2 _
x“—rx—r,=0



Solution of Recurrence Relation

e If the characteristic equation x’ - rx -1, = 0 of the recurrence
relation a =ra_, + nLa._, has two distinct roots s, and s,
then

. n n
a, =us, +vs,
where u and v depend on the 1nitial conditions, 1s the explicit
formula for the sequence.

 If the equation has a single root s, then, both s, and s, in the
formula above are replaced by s



Proof of the Solution

a, =us, +vs, S, Sex—rx—r, = OMJIR
To prove that :
us, + vs, =ra__, + ra__,
iE: us! + vs) = us!’s’ + vsi’s?

= us!’(rs, + 1,) + vs) (s, + 1,)

n-1 n-2 n-1

— n-2
= rus, + r,us, ~ + 1,vs, -+ I,VS,

n-1

= r(us!" + vsi ) + r,(us!? + vsi

=ra,_ _, + na_,

n—1



Back to Fibonacci Sequence

f 0=0

0,1,1,2,3,5,8,13, 21, 34, ......
fi=1
fo= Foat foaa Explicit formula for Fibonacci Sequence

The characteristic equation is x2-x-1=0, which has roots:

1+4/5 1-+/5
2

2

i . 2 2
Note: (by initial conditions) f,=us,+vs,=1 and f,=us,” +vs,” =1

which 1 (1+45) 1 (1-+5)
means; f":\/E ) _\/g )

S, and s, =




Guess and Prove

NG AL ZI el Jel 2R 25 R A PR
ASINAE G/ 289 TR AR 2 YT 3

o Example: Tm)=2T(Ln/2]) +n | *m, srammienmens
FF#HZO(n)Ey,

* Guess
— T(n)eO(n)? Try to prove T(n)<cn:

* T(n)<cn, to be pr T(n)jz,]:(!_ f’,/,,z\J)j n_ %,%i(\L_n/.-z..J :):n

— I(n)eO(n?)? T(n) = 2T(Ln/2))+n
» T(n)<cn?, to be proved f <2(d.n/2] log (Ln/2))+n
— Or maybe, T(n)eO(nlo ~ <cnlog (n/2)+n
* T(n)<cnlogn, to be prove =cnlogn—cnlog2+n
e Prove =cnlogn—cn+n

o <cnlogn forcx1
— by substitution
X B b A2 IR 25 th A




Divide and Conquer Recursions

* Divide and conquer
— Divide the “big” problem to smaller ones
— Solve the “small” problems by recursion
— Combine results of small problems. and solve the

original problem UL 20 B JA TS AR 29 b
IMAEL g1/ clY T8l ZR H- 2 I iy

* Divide and conquer recursion| ##, stas/eseseye
FrH Zf(n)8d,

Tin) = a T(n/b) +in)

di\K Divide/combine

conquer



Recursion Tree

T(size) nonrecursive cost
T(n) n
T(n/2) n/2 T(n/2) n/2
T(n/4) T(n/4) T(n/4) T(n/4)

[N NN

The recursion tree for T(n) =2T(n/2) + n



Recursion Tree

e Node
— Non-leaf

. T(si :
e Non-recursive cost e ™ I oSCuIslyeIcos
’ RecurSIVG COSt T(n/2) ni2 T(n/2) n/2
— Leaf
T(nl4) T(nl4) T(n/4) T(n/4)
* Base case 7 2 N ———— / \
¢ Edge The recursiontree for T(n)=T(n/2)+T(n/2)+n
— Recursion
10/4/2024 Lectures on Algorithm Design & Analysis 36
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Recursion Tree

Recursive Cjit Non-rEcursive cost

* T(n) = 3_T(n14) + O (n?)
AN

# of sub-problems size of sub-problems

c(nen)e(ren)? ...... (118 (1)) weenes c((1116)n)?

= T T I\

» Total cost o
¥ N /N /IN

Sum of row sums

Ty T(1) T(1) Ty Ty ) T(1) Ty Ty Ty T() TH) T

log 4 n log 43
— 3 g 4 =n 2 4




Sum of Row-sums

c(% n)?

log,n \

(1/16)n 2 c((1/16)n)% ...

/|

/ T(:l) T(:l) T:(l) T:(l) T(:l) T:(l) T(:l) T:(l) T:(l) T(:l) T(:l) T(:1) T(:1) T
w3 lgglﬂelgon%rgg%ogfén% Analysis Tot .

T(n)=3T(Ln/4])+®(n?)

cn2 """"""""""""""""""""""""""""" > ¢cn?

c(% n)z \% n)z __________________ » iCn2

NN

(1/16)n c((1/26)n)2  eeeee c((1/16)n)2 ----- v [ 2] en?

...... i




Solving the Divide-and-Conquer
Recurrence

* The recursion equation for divide-and-conquer,
the general case: 7(n)=al(n/b)+f(n)
* Observations:

— Let base-cases occur at depth D(leaf), then n/bP=1,
that 1s D=log(n)/log(b)

— Let the number of leaves of the tree be L, then L=aP,
that is L=q(log(»/log(®)),

— By a little algebra: L=nF, where E=log(a)/log(b),
called critical exponent.



Recursion Tree for
T(n)=aT(n/b)+f(n)

PSS
- /N /I

n/b2 fn/b?) fin/b?) fin/b?) f(n/bz) fin/b?) f(n/b?) f(n/b?) n/b2 “““ *a’f(n / b°)

............ il

—

T(:l) T(:l) T:(l) T:(l) T(:l) T:(l) T(:l) T:(l) T:(1) T(:1)
wl 08 nLectures on ﬁit?%?le;(gn & Analysis
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Divide-and-Conquer: the Solution

The solution of divide-and-conquer equation 1s the
non-recursive costs of all nodes 1n the tree, which 1s
the sum of the row-sums

— The recursion tree has depth D=log(n)/ log(b), so there are about
that many row-sumes.

The 0™ row-sum
— 1s f(n), the nonrecursive cost of the root.

The D™ row-sum
— is nf, assuming base cases cost 1, or @(n*) in any event.



Solution by Row-sums

 [Little Master Theorem] Row-sums decide the
solution of the equation for divide-and-conquer:

— Increasing geometric series: T(n)e &nt)
— Constant: 7(n)e ® (f(n) log n)
— Decreasing geometric series: 7(n)e @ (f(n))

This can be generalized to get a result not
using explicitly row-sums.



Master Theorem

HBf(n) Flnlosy 4T b Ak

1. f(n)EbBR, NiEf(n)

2. nlo8p Ly k., Jljigknlogs a
3. _‘iﬂ’ m\IJIEIL:nlOgn

— Case 1: fin)e0(nl°8b @=&) (g>0), then:
T(n)e®(n'°8b @)
—  Case 2: fin)e®(n'°8p %) as all node depth contribute about equally:
I(n)eO(f(n)log(n))

— case 3: fin)eQ(n'08r 4+&) (>0), and if af (n/b) < 6f (n) for some
constant 8 < 1 and all sufficiently large n, then:

T(n)e®(fn))



Using Master Theorem

Case 1: f{n)e0(n'°8b =€), (&>0), then:

T(n)e®(n'8p @)
BIF: T(n)=9T(n/3)+n, F=: a=9,b=3, logyba=2, f(n)=n € O(n*!)
L : T(n) = Theta(n2)

Case 2: f(n)e®(n'°8b ¢), as all node depth contribute about equally:
T(n)eO(f(n)log(n))
B3 Tm)=T(E) +1, #+: a=1b=3/21logya=0,fn) =1 O(n’)
At : T(n) = O(logn)

Case 3: fin)eQ(n!°8 4+&) (g>0), and if bf (n/c) < 6f (n) for some constant 8 < 1
and all sufficiently large n, then:
1(n)eO(f(n))
BIF:. T(n)=3T(n/4) +nlogn, &= : a=3,b=4,logya=1log, 3,
f(n) = nlogn = Q(n'°84 3+#) 3f(n/4)= 3((n/4)log(n/4)) = (3/4)nlogn - 3/2*n

€ T(n) = O(nlogn)

CECTUTES UM ATEOTTICIIT T oesrEIiToT ATrarvstss
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Amortized Analysis



Array Doubling

* Cost for search 1n a hash table 1s ®(1+a)
 If we can keep a constant, the cost will be G(1)

* What if the hash table 1s more and more loaded?
* Space allocation techniques such as array doubling may be needed

* The problem of “unusually expensive” individual operation



Looking at the Memory Allocation

hashinglnserttHASHTABLE H, ITEM x)
integer size=0, num=0;
if size=0 then allocate a block of size 1; size=1;

if num=size then

allocate a block of size 2size; Insertion with
move all item into new table; expansion: cost size
size=2size;

insert x into the table;

return



Worst-case Analysis

* For n execution of insertion opeliti’)ns
o A bad analysis: the worst caggeef(%@
,up ton

when expansi@f r&ﬂﬂé

o So, the worst case cost is in O(n?).

rfion 1s the case

* Note the expansion is required during the ith
operation only if /=2% and the cost of the ith
operation

? if + — 1 is exactly the power of 2
C;, =
1 otherwise

So the total cost is: > ¢; < n+ZJLEOgM 2/ < n+2n=3n
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Amortized Analysis — Why?

* Unusually expensive operations
* E.g., Insert-with-array-doubling

 Relation between expensive and usual operations
* Each piece of the doubling cost corresponds to some previous insert



Amortized Analysis

* Amortized equation:
amortized cost = actual cost + accounting cost

* Design goals for accounting cost

* In any legal sequence of operations, the sum of the accounting costs 1s
nonnegative

* The amortized cost of each operation is fairly regular, in spite of the wide
fluctuate possible for the actual cost of individual operations



Amortized Analysis: MultiPop Stack

Pop: MultiPop:
Cost=min(s,¢)

Push: h
Cost=1
S > t
_

Amortized cost: push:2; pop, multipop: 0

12/23/2024 Lectures on Algorithm Design & Analysis (LADA) 2017



Accounting Scheme for Stack Push

* Push operation with array doubling
* No resize triggered: 1
* Resize(n—2n) triggered: nt+1 (t 1s a constant)

* Accounting scheme (specifying accounting cost)
* No resize triggered: 2t
* Resize(n—2n) triggered: -nt+2¢

* So, the amortized cost of each individual push operation 1s 1+27€®(1)

12/23/2024 Lectures on Algorithm Design & Analysis (LADA) 2017



Amortized Analysis: Binary Counter

0 00000000 0

I 00000001 1

2 00000010 3 Cost measure: bit flip
300000011 4

4 00000100 7

5 00000101 g

6 00000110 ' amortized cost:
7 00000111

8 00001000 set 1: 2

9 00001001 16 set 0: 0

10 00001010 18

11 00001011 19

12 00001100 22

13 00001101 23

14 00001110

15 00001111

16 00010000
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